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Abstract
A correspondence between type IIB string theory with N D7-branes on R1,3× C1
Z2
× T2
Z2
× T2
Z2
and pure N = 1 SU(N) gauge theory in four dimensions is proposed and argued. First the
supergravity background of unwrapped and flat D7-branes with running axion and dilaton
on R1,7× C1
Z2
is studied together with the corresponding N = 1 SU(N) gauge theory in eight
dimensions. The D7-branes are then wrapped over a 4-cycle on T
2
Z2
× T2
Z2
which turns on all
F1, F3, H3, and F5 fluxes of type IIB theory and induces torsion. The supergravity solutions
are explicitly constructed with exact analytic expressions for all components of the metric
and the fluxes. The background geometry of the four-dimensional gauge theory is compact
and conformally Calabi-Yau. The internal space normal to the wrapped D7-branes at the
infrared boundary is S1 whose radius is set by the nonperturbative scale of the gauge theory
and spacetime isR1,3 at the ultraviolet boundary. The gauge coupling of the four-dimensional
gauge theory is related to the gauge coupling of the eight-dimensional gauge theory and the
volume of the 4-cycle. The gravity theory reproduces the renormalization group flow and
the pattern of chiral symmetry breaking of the gauge theory and leads to confinement. The
curvature is small and nearly constant and the supergravity flow is smooth in the infrared
region where the gauge theory is strongly coupled and a dual gravity description is useful.
String loop corrections are small for large N . The scale of string tension in four dimensions
is of the same order as the scale of Kaluza-Klein masses.
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1 Introduction
There has been interest in constructing a gravity dual to pure N = 1 supersymmetric SU(N)
gauge theory since the finding of the AdS/CFT correspondence [1, 2, 3]. See [4] and [5] for
two foundational works. A gravity dual to pure N = 1 SU(N) gauge theory is desirable for
several reasons. N = 1 SU(N) gauge theory exhibits gauge coupling running, confinement,
and chiral supersymmetry breaking and could serve as a laboratory to gain new insight
into the theory of quantum chromodynamics (QCD) of the strong nuclear interactions. A
crucial feature of QCD is asymptotic freedom [6, 7] whereby the renormalization group flow
of the gauge coupling gives rise to confinement and chiral symmetry breaking. QCD becomes
highly nonperturbative at low-energies. The gauge/gravity duality relates a gauge theory in
2
strongly coupled nonperturbative region to a gravity theory in weakly coupled perturbative
region, and it provides the possibility for a calculable classical gravity description to low-
energy QCD. Furthermore, there is a possibility that N = 1 supersymmetry may be part of
nature at energies accessible in the current generation of experiments at the Large Hadron
Collider and a gravity description would be useful for studying nonperturbative phenomena
such as mass spectra in the gauge theory. The first observation that QCD might in some
limit be dual to a worldsheet theory of strings was made in [8]. An additional ingredient
which facilitated the development of the gauge/gravity duality was understanding the role
of D-branes in string theory [9].
The first concrete example of gauge/gravity duality was found in [1] and it related N = 4
SU(N) conformal field theory that lives on a stack of N parallel D3-branes to type IIB
string theory on AdS5 × S5. In [4], type IIB string theory with N D3- and M D5-branes on
AdS5 × T 1,1 was found to correspond to N = 1 SU(N + M) × SU(N) gauge theory with
bifundamental matter fields and a quartic superpotential with the gravity theory near the
infrared (IR) boundary corresponding to SU(2M) × SU(M) gauge theory with meson and
baryon fields [10, 11] rather than to pure confining SU(M) gauge theory as it was originally
hoped. In [5], type IIB string theory with N D5-branes on R1,3 × R1 × S2 × S3 was found
to reproduce the pattern of chiral symmetry breaking of pure N = 1 SU(N) gauge theory
but not its renormalization group flow. In both [4] and [5], the geometry is smooth but
noncompact with the size of the internal space increasing in the ultraviolet (UV) and the
scale of string tension in four dimensions (4D) is much bigger than the scale of Kaluza-Klein
(KK) and glueball masses.
A correspondence between type IIB string theory with N D7-branes on R1,3× C1
Z2
×T2
Z2
×T2
Z2
and pureN = 1 SU(N) gauge theory in 4D is proposed and argued in this paper. The gravity
theory reproduces the renormalization group flow of the gauge theory, matches the pattern of
chiral symmetry breaking, and leads to confinement. The background geometry is compact
and the internal space normal to the D7-branes is S1 at the IR boundary and spacetime is
R1,3 at the UV boundary, consistent with the symmetries of the gauge theory and the radius
of S1 is set by the nonperturbative scale of the gauge theory. The supergravity flow is smooth
and the curvature of the compact space is smallest in the IR region where the gauge theory
is strongly coupled and a dual gravity description is useful. The 4D UV boundary provides
a setting for putting quarks and antiquarks and could also serve as an ultraviolet cutoff
to the gravity theory beyond which perturbative gauge theory description is appropriate.
String loop corrections are small for large N . The classical supergravity approximation of
the string theory accommodates a range of physically interesting values of ’t Hooft coupling;
the magnitude of the ’t Hooft coupling varies from its largest value in the IR to its smallest
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value in the UV. The scale of string tension in 4D is of the same order as KK and glueball
masses, which is useful for exploring mass spectra of glueballs and hadrons. The D7-branes
do not disappear and serve as sources of color charge where open strings could end and quarks
and antiquarks get bound into hadrons in the supergravity background. The compact extra
dimensional space also allows to obtain finite Newton’s gravitational constant in 4D and the
geometry does not need to be glued to a larger background.
The organization of the paper is as follows. A brief summary of basic features of pure
N = 1 SU(N) gauge theory in 4D that are relevant to our discussion is given before moving
to the construction of the gravity theory.
We note that D7-branes provide a suitable setting which accommodates the symmetries
of the gauge theory. In particular, D7-branes in type IIB theory have codimension two which
we organize such that one of these dimensions is a radial coordinate that will be mapped
to the scale of the gauge theory and the other is angular coordinate that will be mapped to
the Yang-Mills angle in the gauge theory. Therefore, we focus on D7-branes and the F1 flux
they source as a crucial starting point and seek a background with appropriate 4-cycle for
wrapping the D7-branes.
The eight-dimensional (8D) N = 1 SU(N) gauge theory that lives on unwrapped and flat
N D7-branes on R1,7× C1
Z2
background is studied first. The unwrapped D7-branes source the
axion potential and induce a running dilaton. The internal space normal to the D7-branes
is warped with singularity in the infrared and the background of the 8D gauge theory is
noncompact.
The R1,3 × C1
Z2
× T2
Z2
× T2
Z2
geometry supports N = 1 supersymmetry in 4D and a metric
ansatz is written down. The stack of D7-branes are wrapped over a 4-cycle on T
2
Z2
× T2
Z2
at
the singularity point of the background geometry of the 8D gauge theory while filling flat
4D spacetime R1,3. The D7-branes source the axion potential and the corresponding F1
flux. The backreaction of the background geometry to the F1 flux induces a B2 potential,
and thereby H3 flux. The wrapped D7-branes filling each
T2
Z2
inside T
2
Z2
× T2
Z2
are fractional
D5-branes which, with F1 and H3, induce F3 flux. The D7-branes wrapping
T2
Z2
× T2
Z2
are also
fractional D3-branes which, with H3 and F3, induce F5 flux. Thus the D7-branes provide a
setting in which all fluxes of type IIB theory are induced.
With the fluxes turned on, the background backreacts and develops torsion. The back-
ground has SU(3) structures and N = 1 supersymmetry in 4D is preserved by a balance
between the flux and the torsion components. The metric and all components of the fluxes
are explicitly constructed using the equations of motion we wrote in [12] which facilitate sys-
tematically studying type IIB flows with N = 1 supersymmetry together with the bosonic
supergravity equations of motion. The equations in [12] were generalizations of those ob-
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tained in [13] and [14] using SU(3) structures. The supergravity flow is smooth in the IR
and the extra dimensional space is compact and conformally Calabi-Yau with singularity at
the UV boundary. The dilaton turns out to be constant now in the background of the 4D
gauge theory. The orbifold singularities on C
1
Z2
× T2
Z2
× T2
Z2
are smoothed out by fluxes. The
metric does not involve AdS5 space, since it is related to a gauge theory that is far from
conformal.
It is then shown that the solutions to the supersymmetry equations of motion with the
Bianchi identities imposed on them solve each and every one of all the bosonic supergravity
equations of motion.
The gauge coupling of the 4D gauge theory with the D7-branes wrapped over the 4-cycle
is obtained in terms of the gauge coupling of the 8D gauge theory on the unwrapped D7-
branes and the volume of the 4-cycle. The gauge coupling of the 4D gauge coupling runs by
inheriting the running dilaton from the background of the 8D gauge theory of unwrapped
D7-branes. We exploit the simplicity of the two directions normal to the D7-branes in 10D
to map one to the scale and the other to the Yang-Mills angle of the 4D gauge theory. The
gravity theory reproduces the exact renormalization group flow of the 4D gauge theory. The
range of the radial direction on R1 in C
1
Z2
∼ R1 × S1 gets smaller for larger ’t Hooft coupling
at the UV boundary, consistent with the strength of gauge coupling running in the gauge
theory.
The magnitudes of the string and the ’t Hooft couplings and the curvature of the in-
ternal space are then analyzed. One common issue in previous examples of gauge/gravity
construction is that the string tension measured by a 4D observer increases while KK and
glueball masses decrease with increasing ’t Hooft coupling. Consequently, the scale of KK
masses is much smaller than the scale of string tension for large ’t Hooft coupling. The scale
of KK masses and the scale of string tension are of the same order in our construction. The
scale of string tension and the size of the transverse space at the IR boundary in the gravity
theory are set by the nonperturbative scale of the gauge theory.
The axion potential breaks the U(1) symmetry to Z2N which is further broken down to
Z2 by the symmetries of the background giving rise to N discrete vacua in the IR, matching
the pattern of chiral symmetry breaking in the gauge theory.
2 Gauge theory
Let us make a brief summary of some basic features of pure N = 1 SU(N) gauge theory in
4D that are relevant to our discussion. The matter content is a gauge boson and its fermionic
superpartner, a gaugino, both transforming in the adjoint representation. The gauge theory
5
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Figure 1: Gauge coupling running.
has a coupling coefficient τ = 4pii
g24
+ Θ
2pi
, where g4 is the Yang-Mills coupling and Θ is the
Yang-Mills angle.
At the classical level, the theory has global U(1) R-symmetry under which the gaugino
field λα transforms as λα → ei cλα, c ∈ R which is equivalent to shifting the Yang-Mills
angle Θ→ Θ + 2Nc and the U(1) symmetry is anomalous in the quantum theory. Because
Θ ∼ Θ + 2pik, the quantum theory has a reduced anomaly-free discrete Z2N symmetry.
Gaugino condensation, which results in 〈trλαλα〉 6= 0, breaks the Z2N symmetry down to Z2
giving N number of discrete vacua.
The low-energy IR dynamic of the theory at the scale Λ is described by the Veneziano-
Yankielowicz superpotential [15],
WVY = NS −NS log( S
Λ3
), S = − 1
32pi2
TrWαWα, (2.1)
where S is the glueball superfield defined in terms of the gauge chiral superfieldWα containing
the gauge and the gaugino fields. Extremizing the superpotential WVY with S gives the
vacuum expectation values of the glueball superfield corresponding to the N vacua,
〈S〉 = Λ3e 2piikN , k = 1, 2, · · · , N. (2.2)
Quantum corrections to the renormalization group flow of the holomorphic coupling
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coefficient are exhausted at one loop and with the exact β function we write
4pi
g24
=
3N
2pi
ln(
Λ
Λs
), (2.3)
where we take Λs to be the nonperturbative scale of the theory at which the gauge coupling
formally diverges. The running of the gauge coupling is shown in Figure 1. The value of
g24N
4pi
= 1 at 3 ln( Λ
Λs
) = 2pi. For 3 ln( Λ
Λs
) > 2pi the gauge theory has perturbative description.
Our interest is in a gravity description in the region where
g24N
4pi
>> 1 and the gauge theory
is highly nonperturbative. We call the corresponding range of energy scales where the gauge
theory is highly nonperturbative low-energy.
3 Unwrapped D7-branes
Before we start wrapping the D7-branes to construct a 4D gauge theory, we need to look
at the 8D gauge theory that lives on unwrapped and flat N D7-branes. Consider a stack of
N parallel D7-branes which fill flat 8D spacetime R1,7 on R1,7 × C1
Z2
background. Preserving
N = 1 supersymmetry in the 8D theory requires that the internal two-dimensional space be
complex. Noting that C
1
Z2
∼ R1 × S1, the complex coordinate on C1 is defined in terms of a
radial variable r on R1 and an angular coordinate ψ on S1 as z1 = ( r
rs
)3 eiψ = eρ+i ψ, where
ρ ≡ 3 ln( r
rs
) (3.1)
and rs is a constant with dimension of length. The coordinate on S
1 is parameterized by
ψ ∈ [0, 2pi]. The Z2 symmetry transforms z1 → −z1 and imposes the relation ψ ∼ ψ+pi and
the orbifold has one fixed point at r = 0. The D7-branes are located at the singularity. We
have introduced ρ and the dimensionful parameter rs because, as we see in the supergravity
solutions below, there is a logarithmic flow along R1 with S1 warped to zero-size at r = rs and
the radial supergravity flow is constrained to r ≥ rs or ρ ≥ 0. The physical interpretation
of rs will be discussed later in this and the following sections.
Because the dilaton runs in the background of the 8D gauge theory, we find the Einstein
frame, in which the gauge coupling is dilaton dependent while the gravitational constant is
fixed, convenient. We will use the string frame when studying the background of the 4D
gauge theory with all fluxes turned on in the remaining sections, since the dilaton appears in
the same form in all the R-R flux terms in the supersymmetry transformations in the string
frame which we find more convenient. The dilaton will in the end turn out to be constant
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in the background of the 4D gauge theory and the final expressions in the 4D gauge theory
background can be interpreted as quantities in the same Einstein frame as in the 8D gauge
theory background.
We take the metric ansatz with flat 8D spacetime as
ds210 = dx
2
1,7 + r
2
s e
2H(dρ 2 + dψ2), (3.2)
where H = H(ρ) and dx21,7 is the metric on flat R
1,7. The D7-branes at r = 0 produce axion
potential C0 and the corresponding F1 flux,
C0 =
N
2pi
ψ, F1 = dC0 =
N
2pi
dψ, (3.3)
where the F1 flux is normalized as
∫ 2pi
0
F1 = N .
Type IIB theory has two Majorana-Weyl spinors of the same chirality with a total of 32
supercharges. The unwrapped D7-branes reduce the number of preserved supercharges by
half. In order for the background with the flux turned on to preserve N = 1 supersymmetry,
the axion-dilaton coupling τ = C0 + i e
−Φ needs to be a holomorphic or anti-holomorphic
function of the complex coordinate on the normal space R1 × S1. Thus the F1 flux on the
above background metric induces the dilaton. The supergravity equations in the bosonic
sector in Einstein frame reduce to
1√−G ∂M
(√−GGMN∂NΦ) = e2ΦF 21 ,
RMN =
1
2
∂MΦ∂NΦ +
1
2
e2Φ∂MC0∂NC0, (3.4)
and we take the ansatz Φ = Φ(ρ) which accommodates a holomorphic or anti-holomorphic
axion-dilaton coupling for the C0(ψ) we have here. The components of the equations given
by (3.4) are d
2Φ
dρ2
= e2Φ
(
N
2pi
)2
and 1
2
(dΦ
dρ
)2 = −d2H
dρ2
. The solutions are
e−Φ =
N
2pi
ρ, e2H = ρ, (3.5)
where we have set e−Φ(0) = 0. Notice that ρ = 0 is a singularity point with S1 warped to
zero-size, and the physical region for the radial supergravity flow is ρ ≥ 0. The axion-dilaton
coupling is τ = N
2pi
(ψ + i ρ), which is anti-holomorphic in our notation.
We can check that the energy from the curvature of the metric cancels out that from the
axion and the dilaton fields in the supergravity action. In particular, R = (∂Φ)2 = e2ΦF 21 =
8
r−2s ρ
−3 and the 10D action which is now proportional to
∫
d10x
√−G(R −1
2
(∂Φ)2− 1
2
e2ΦF 21 )
vanishes.
The Yang-Mills coupling of the 8D gauge theory that lives on the D7-branes is then given
by g8 such that
g28 = 2(2pi)
5α′2eΦ =
2(2pi)6α′2
Nρ
. (3.6)
The ’t Hooft coupling g28N is large and the gauge theory is strongly coupled in the IR
region near ρ = 0. The string coupling eΦ can be made small in all the region ρ > 0 for
appropriately large N . The curvature is large in the region near the IR boundary. See section
11 for discussion on α′ and string loop corrections.
Thus r = rs or ρ = 0 is the location on R
1 where the dilaton and the 8D gauge coupling
diverge, S1 is warped to zero-size, and the geometry is singular. After the D7-branes are put
at the fixed point r = 0 of C
1
Z2
, the physical region of the warped supergravity background
on R1 where the metric is positive definite and the dilaton is real is r ≥ rs or ρ ≥ 0.
4 Metric ansatz
We seek a metric with appropriate 4-cycle inside the extra six-dimensional (6D) space Y of
a 10D spacetime of the form R1,3 × Y , where Y contains C1
Z2
∼ R1 × S1, for wrapping the
D7-branes over at the singular point ρ = 0 on R1 of the background geometry of the 8D
gauge theory such that the supersymmetry will be N = 1 in 4D. This requires that Y be
complex.
Consider the orbifold Y = C
1
Z2
× T2
Z2
× T2
Z2
. The complex coordinate on C1 is denoted
by the same variable z1. Let us denote the complex coordinates on the two T2’s by z2
and z3. The three Z2 transformations are generated by the operators g1 : (z
1, z2, z3) →
(−z1, z2, z3), g2 : (z1, z2, z3)→ (z1, −z2, z3), and g3 : (z1, z2, z3)→ (z1, z2, −z3). Let us
decompose the two 16-component Majorana-Weyl spinor parameters of the same chirality
for the supersymmetry transformations of type IIB theory in 10D, denoted by 1 and 2, as
1 = ζ1+ ⊗ η+ + ζ1− ⊗ η− and 2 = ζ2+ ⊗ η+ + ζ2− ⊗ η−; ζ1± and ζ2± are 2-component positive
and negative chirality Weyl spinors on R1,3 such that ζ1,2− = ζ
1,2
+
∗
and η± are 4-component
positive and negative chirality Weyl spinors on Y such that η− = η+∗. We choose the three
Cartan generators of the Clifford algebra on Y to be ones which correspond to rotations on
each factor of Y with complex coordinates z1, z2, and z3. The eigenvalues of the Cartan
generators are (±1
2
, ±1
2
± 1
2
). Only the spinor η+ 1
2
,+ 1
2
,+ 1
2
is invariant under Z2 × Z2 × Z2 and
the R1,3 × C1
Z2
× T2
Z2
× T2
Z2
background supports N = 1 supersymmetry in 4D.
The radial coordinate on R1 in C
1
Z2
∼ R1 × S1 is now parameterized by a dimensionless
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variable t such that t = 0 corresponds to ρ = 0 or r = rs. The range of t and its relation to
ρ or r will be determined later when the supergravity solutions are established. The angular
coordinate on S1 is denoted by the same variable ψ. The two angular coordinates on one of
the T2’s are denoted by ϕ1 and ϕ2 and on the other by ϕ3 and ϕ4. The ansatz for the 10D
metric is
ds210 = e
2Adx21,3 + r
2
s e
2Tdt2 + r2s e
2Pdψ2 + r2s e
2Q
(
dϕ21 + dϕ
2
2 + dϕ
2
3 + dϕ
2
4
)
. (4.1)
The 4D spacetime R1,3 is flat with coordinates denoted by xµ, µ = 0, 1, 2, 3, and the metric
denoted by dx21,3. The angular coordinates ψ, ϕ1, ϕ2, ϕ3, and ϕ4 are all defined to have the
same range [0, 2pi]. The variables A, T , P , and Q are all functions of t. The D7-branes will
be wrapped over T
2
Z2
× T2
Z2
at r = rs, the singularity point of the background of the 8D gauge
theory. The value of ψ on S1 where the D7-branes are wrapped is related to chiral symmetry
breaking which will be discussed in section 13.
We introduce the following complex basis with holomorphic/anti-holomorphic indices
which we use in studying the supersymmetry constraints,
Z1 = rs
(
eT dt+ i eP dψ
)
, Z¯ 1¯ = rs
(
eT dt− i eP dψ) ,
Z2 = rs e
Q (dϕ1 + i dϕ2) , Z¯
2¯ = rs e
Q (dϕ1 − i dϕ2) ,
Z3 = rs e
Q (dϕ3 + i dϕ4) , Z¯
3¯ = rs e
Q (dϕ3 − i dϕ4) . (4.2)
The complex and the Ka¨hler structures are described in terms of the following Ka¨hler 2-form
J and holomorphic 3-form Ω,
J =
i
2
δjk¯Z
j∧Z¯ k¯, Ω = Z1∧Z2∧Z3. (4.3)
5 Supersymmetry equations of motion
Wrapping the D7-branes over T
2
Z2
× T2
Z2
at t = 0 turns on fluxes and the background geometry
backreacts and develops torsion. In order to preserve N = 1 supersymmetry in 4D, the two
positive chirality Weyl spinors ζ1+ and ζ
2
+ in 4D that we discussed in section 4 are taken to be
proportional to each other. Because the 4D spacetime is flat, we can write ζ1+ =
1
2
(α+ β)ζ+
and ζ2+ =
1
2i
(α − β)ζ+, where α and β are complex parameters which depend only on the
coordinates on Y . With these, the spinor decompositions is rewritten as 1 = ζ+⊗η1++ζ−⊗η1−
and 2 = ζ+ ⊗ η2+ + ζ− ⊗ η2−, where η1+ = 12(α + β)η+ and η2+ = 12i(α− β)η+. We use SU(3)
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structures such that η+ ≡ η+ 1
2
,+ 1
2
,+ 1
2
is the globally invariant SU(3) singlet spinor on Y . The
constraint leads to a set of relations among the components of the torsion, the fluxes, and
the spinor parameters organized in SU(3) representations. See [12, 13, 14] for details and
for more on our notation.
The metric on the 10D spacetime is written as ds210 = e
2Adx21,3 + ds
2
6, where A here is
generally a function of the coordinates on the extra 6D space and the metric on the extra
space is expressed in terms of complex 1-forms with holomorphic/antiholomorphic indices as
ds26 = δij¯Z
iZ¯ j¯. The torsion components come in the variations of the fundamental 2-form,
dJ = −3
2
Im (W
(1)
1 Ω¯) + (W
(3)
4 + W
(3¯)
4 ) ∧ J + (W (6)3 + W (6¯)3 ) and the holomorphic 3-form,
dΩ = W
(1)
1 J
2 + W
(8)
2 ∧ J + W (3¯)5 ∧ Ω. The superscripts denote the SU(3) representations.
The string coupling is written in terms of the dilaton as eΦ. The components of the 3-
form fluxes come in H3 = −32Im(H(1)3 Ω¯) + (H(3)3 + H(3¯)3 ) ∧ J + (H(6)3 + H(6¯)3 ) and F3 =
−3
2
Im(F
(1)
3 Ω¯) + (F
(3)
3 + F
(3¯)
3 ) ∧ J + (F (6)3 + H(6¯)3 ). The self-dual 5-form flux is written as
F˜5 = (1 + ?10)F5 with F5 = (F
(3)
5 + F
(3¯)
5 ) ∧ J ∧ J . The 1-form flux is decomposed as
F1 = F
(3¯)
1 + F
(3)
1 .
The complete set of equations which describe the balance among the components of the
fluxes, the dilaton, the warp factor and the torsion in terms of the complex parameters α
and β such that N = 1 supersymmetry is preserved in 4D are summarized below.
W
(1)
1 = 0, W
(8)
2 = 0, F
(1)
3 = 0, H
(1)
3 = 0,
(α2 − β2)W (6)3 = 2αβeΦF (6)3 , (α2 + β2)W (6)3 = −2αβ ?6 H(6)3 ,
eΦ
(
F
(3¯)
3 +
2iαβ
α2+β2
F
(3¯)
1
)
= − 2αβ
α2+β2
∂¯ ln(β
α
), eΦ
(
F
(3¯)
5 +
1
2
F
(3¯)
1
)
= i∂¯ ln(β
α
),
H
(3¯)
3 = − 2iαβα2−β2 ∂¯ ln(βα), ∂¯Φ + iα
2−β2
α2+β2
eΦF
(3¯)
1 =
4α2β2
α4−β4 ∂¯ ln(
β
α
),
∂¯A+ i
2
α2−β2
α2+β2
eΦF
(3¯)
1 = − α
2−β2
2(α2+β2)
∂¯ ln(β
α
), A = ln(|α|2 + |β|2),
W
(3¯)
4 =
α2+β2
α2−β2 ∂¯ ln(
β
α
), W
(3¯)
5 = −3α
2+β2
α2−β2 ∂¯ lnα +
α2+3β2
α2−β2 ∂¯ ln β. (5.1)
6 Metric and flux components
Now we start finding the metric and the flux components for the background with wrapped
D7-branes using the metric ansatz written in section 4 and the supersymmetry equations of
motion summarized in section 5. The torsion components W1, W2, and W3 vanish for the
metric given by (4.1) and
W4 = 2Q
′ dt, W5 = (2Q′ + P ′) dt, (6.1)
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where a prime denotes differentiation with respect to t. For the spinor parameters α and β
we use the ansatz
ln
(
β
α
)
= u+ i
pi
2
, (6.2)
where α, β, and u are all functions of t.
The wrapped D7-branes at t = 0 produce the same axion potential C0 and F1 given by
3.3. with the F1 flux normalized as
∫ 2pi
0
F1 = N . The F1 flux on the background metric
given by (4.1) induces a B2 potential and the corresponding H3 = dB2 flux. Moreover, the
D7-branes wrapping T2’s inside Y are fractional D5-branes, which with the F1 and the H3
fluxes, induce F3 flux. The D7-branes wrapping
T2
Z2
× T2
Z2
are fractional D3-branes, which
with the F3 and the H3 fluxes, induce F5 flux. Thus all F1, F3, H3, and F5 fluxes of type
IIB theory are induced.
We then use the equations of motion given by (5.1) to find the relations among the
components of the fluxes, the metric, the dilaton, and the spinor parameter u,
F3 =
(− N
2pi
+ eP−T−Φ u′
)
r2s e
2Q csch u (dψ ∧ dϕ1 ∧ dϕ2 + dψ ∧ dϕ3 ∧ dϕ4) ,
H3 = r
2
s e
2Q sech uu′ (dt ∧ dϕ1 ∧ dϕ2 + dt ∧ dϕ3 ∧ dϕ4) ,
F˜5 =
(− N
2pi
+ 2 eP−T−Φ u′
)
r4s e
2Q dψ ∧ dϕ1 ∧ dϕ2 ∧ dϕ3 ∧ dϕ4
+
(
N
2pi
− 2 eP−T−Φ u′) e4A+T−P d4x ∧ dt,
Φ′ = − N
2pi
eT−P+Φ cothu+ csch u sech uu′,
A′ = − N
4pi
eT−P+Φ cothu+ 1
2
cothuu′,
Q′ = −1
2
tanhuu′,
P ′ = N
4pi
eT−P+Φ cothu− 1
2
cothuu′. (6.3)
Imposing the Bianchi identity
dF3 = −F1 ∧H3 or dF˜5 = H3 ∧ F3, (6.4)
we have
u′ =
N
2pi
eT−P+Φ cosh2 u. (6.5)
With one of the identities in (6.4) imposed, the other is automatically satisfied. Moreover,
using (6.5)) in the Φ′ equation in (6.3) leads to a constant dilaton and we set
eΦ = gs. (6.6)
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Using the equation for Q′ and putting (6.5) in the equations for P ′ and Q′ in (6.5), we obtain
e2Q = e2P = e−2A = sech u. (6.7)
The fluxes can similarly be written down in terms of u using (6.5) and (6.7) in (6.3), and
all fluxes are summarized below.
F1 =
N
2pi
dψ,
F3 =
N
2pi
r2s tanhu (dψ ∧ dϕ1 ∧ dϕ2 + dψ ∧ dϕ3 ∧ dϕ4) ,
H3 =
gsN
2pi
r2s e
T
√
coshu (dt ∧ dϕ1 ∧ dϕ2 + dt ∧ dϕ3 ∧ dϕ4) ,
F˜5 =
N
2pi
r4s
(
1 + tanh2 u
)
dψ ∧ dϕ1 ∧ dϕ2 ∧ dϕ3 ∧ dϕ4
− N
2pi
eT cosh 2u cosh2 u d4x ∧ dt. (6.8)
Notice that the H3 flux is closed, H3 = dB2, and the B2 potential is given by
B2 = r
2
s tanhu (dϕ1 ∧ dϕ2 + dϕ3 ∧ dϕ4) . (6.9)
Thus all components of the fluxes and the metric are expressed in terms of u and T . The
only component of the metric that is not yet determined in terms of u is T , which multiplies
dt2 and determines the definition of the radial coordinate, and we do that in the next section.
7 Bosonic supergravity equations of motion
In this section we determine T in term of u and verify that the solutions solve all bosonic
supergravity equations. We work in the string frame. Upper case indices M, N · · · represent
the coordinates of the 10D spacetime, the Greek letters µ, ν · · · represent the coordinates
of the 4D spacetime, and lower case indices m, n · · · represent the coordinates of the extra
6D space.
The equation from the variation of the type IIB supergravity action, which can be written
with the self-duality of the 5-form flux additionally imposed, with respect to the dilaton is
1√−G ∂M
(√−Ge−2ΦGMN∂NΦ) = −1
8
F 21 −
1
96
F 23 +
1
96
e−2ΦH23 . (7.1)
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The equations from the variation of the action with respect to the metric are
RMN = −4 ∂MΦ∂NΦ + 1
2
e2Φ∂MC0∂NC0 +
1
4
(H3)MOP (H3)
OP
N
+
1
4
e2Φ(F3)MOP (F3)
OP
N +
1
96
e2Φ(F˜5)MOPQR(F˜5)
OPQR
N
−GMN ( 1
48
H23 +
1
48
e2ΦF 23 +
1
960
e2ΦF˜ 25 ), (7.2)
where GMN represent components of the metric and e
Φ = gs in our case.
Because we know all the metric and the flux components in term of u and T , it is
straightforward to write the right hand sides of (7.1) and (7.2) in terms of u and T using
(6.6)-(6.8). Our notation is such that the 10D volume element is
vol = r6s e
4A+T+P+4Q dx0 ∧ dx1 ∧ dx2 ∧ dx3 ∧ dt ∧ dψ ∧ dϕ1 ∧ dϕ2 ∧ dϕ3 ∧ dϕ4 (7.3)
and the inner product of a p-form ωp =
1
p!
(ωp)M1...Mp dx
M1 ∧ · · · ∧ dxMp and its Hodge star
in 10D satisfy
ωp ∧ ?10 ωp = 1
p!
(ωp)M1...Mp(ωp)
M1...Mp vol =
1
p!
ω2p vol. (7.4)
The magnitudes of the fluxes are
F 21 =
1
r2s
(
N
2pi
)2
coshu, F 23 =
12
r2s
(
N
2pi
)2
sinh2 u coshu, ,
H23 =
12
r2s
(
gsN
2pi
)2
cosh3 u, F˜ 25 = 0. (7.5)
The components of the Ricci tensor are
Rµν =
1
4 r2s
(
gsN
2pi
)2
cosh 2u coshu
(
1− e2T cosh 2u coshu) Gµν ,
Rtt =
1
2 r2s
(
gsN
2pi
)2
(2− cosh 2u) cosh3 uGtt,
Rm′n′ =
1
2 r2s
(
gsN
2pi
)2
cosh 2u cosh3 uGm′n′ , (7.6)
where m′ and n′ run over the angular coordinates.
Noticing that 2A′+2Q′ = Φ′ = 0 and P ′ = Q′ = −A′, the components of the Ricci tensor
can also be calculated in terms of A and T directly using the metric given by (4.1), and the
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components are
Rµν
Gµν
= −Rmn′
Gmn′
= − 1
r2s
e−2T (A′′ − A′2 − T ′A′),
Rtt =
1
r2s
e−2T (A′′ − 9A′2 − T ′A′)Gtt. (7.7)
Using (7.6) and (7.7), we determine T in terms of u,
e2T = (1 + 2 sech 2u) sech u. (7.8)
At this point all metric and flux components are expressed in terms of a single variable
u and it is straightforward to verify that the solutions indeed solve all the supergravity
equations. Notice that all components of the solutions, except T which sets the definition of
the radial coordinate, were obtained from the supersymmetry equations of motion with the
Bianchi identities imposed on them.
For completeness, the right hand side of (7.1) vanishes and the dilaton is constant. The
left hand side of (7.2) obtained using the metric and given by (7.7) and the right hand side
obtained using the fluxes and given by (7.6) are identical for each and every component.
We have already imposed the Bianchi identities dF3 = −F1 ∧H3 and dF˜5 = H3 ∧ F3. The
remaining equations are
d ?10
(
e2ΦF1
)
= −e2ΦH3 ∧ ?10F3, d ?10
(
e2ΦF3
)
= F5 ∧H3,
d ?10
(
H3 − e2ΦC0F3
)
= −e2ΦF5 ∧ F3. (7.9)
Both sides of the first two equations vanish and the solutions also satisfy the last equation
in (7.9) with both the left and the right hand sides being equal to r2s (
gsN
2pi
)2
√
1 + 2 sech 2u
cosh 2u sinhu (dx0∧dx1∧dx2∧dx3∧dt∧dψ∧dϕ1∧dϕ2+dx0∧dx1∧dx2∧dx3∧dt∧dψ∧dϕ3∧dϕ4).
Thus the solutions solve each and every one of all supergravity equations.1
8 Radial coordinate
Now we establish the relation between the variable u in terms of which the supergravity
solutions are expressed and the radial coordinate r that describes actual distances on R1.
1This also provides a nontrivial check on the correctness of the equations of motion we wrote in [12] with
all flux and torsion components in the subtle 3⊕ 3¯ sector turned on.
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First we rewrite the metric (4.1) using (6.7) and (7.8),
ds210 = coshu dx
2
1,3 + r
2
s sech u
(
(1 + 2 sech 2u) dt2
+dψ2 + dϕ21 + dϕ
2
2 + dϕ
2
3 + dϕ
2
4
)
. (8.1)
The radial coordinate r is defined by
3 dr
r
=
√
1 + 2 sech 2u dt. (8.2)
We know the relation between u and t from (6.5) which with (6.6), (6.7), and (7.8) gives
tanhu =
3gsN
2pi
ln(
r
rs
) =
gsN
2pi
ρ. (8.3)
Notice that the range of r is finite with
rs ≤ r ≤ rs e
2pi
3gsN (8.4)
and the background geometry is compact.
9 Summary of solutions
In this section the complete set of supergravity solutions obtained in sections 6-8 for the
background of the 4D gauge theory are summarized in one place for convenience and some
of their features are analyzed. The metric is
ds210 = coshu dx
2
1,3 + r
2
s sech u
(
(1 + 2 sech 2u) dt2
+dψ2 + dϕ21 + dϕ
2
2 + dϕ
2
3 + dϕ
2
4
)
. (9.1)
The dilaton is constant,
eΦ = gs. (9.2)
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The fluxes are
F1 =
N
2pi
dψ,
F3 =
N
2pi
r2s tanhu (dψ ∧ dϕ1 ∧ dϕ2 + dψ ∧ dϕ3 ∧ dϕ4) ,
H3 =
gsN
2pi
r2s
√
1 + 2 cosh 2u (dt ∧ dϕ1 ∧ dϕ2 + dt ∧ dϕ3 ∧ dϕ4) ,
F˜5 =
N
2pi
r4s
(
1 + tanh2 u
)
dψ ∧ dϕ1 ∧ dϕ2 ∧ dϕ3 ∧ dϕ4
− N
2pi
√
1 + 2 cosh 2u cosh 2u cosh2 u d4x ∧ dt. (9.3)
Notice that the only R-R flux that is closed is F1 as it is the only one that is directly sourced
by the D7-branes, the others are induced by the backreaction of the background and satisfy
the Bianchi identities.
The variable u is related to the radial coordinate r by tanhu = 3gsN
2pi
ln( r
rs
) = gsN
2pi
ρ,
0 ≤ ρ ≤ 2pi
gsN
and 0 ≤ u ≤ ∞. The volume element in 10D is r6s sech u
√
1 + 2 sech 2u dx0 ∧
dx1 ∧ dx2 ∧ dx3 ∧ dt ∧ dψ ∧ dϕ1 ∧ dϕ2 ∧ dϕ3 ∧ dϕ4, which is finite and nonzero at ρ = 0 and
vanishes at ρ = 2pi
gsN
. The background is compact and the volume coming from the extra
space is finite. In terms of the radial coordinate r, rs ≤ r ≤ rb, where rb = rs e
2pi
3gsN . The
range of r is smaller for larger gsN . We call the boundary at r = rs the IR boundary and
that at r = rb the UV boundary in anticipation of their relation to the energy scale in the
gauge theory. At the UV boundary, u =∞, the warp factor on R1,3 is infinite and the radius
of S1× T2
Z2
× T2
Z2
vanishes and we have 4D spacetime. Notice that the compactness of the extra
dimensional space comes with a singularity at the UV boundary. The region of interest to
us is the IR region, and supergravity flow is smooth in the IR. The radius of S1 × T2
Z2
× T2
Z2
is largest in the IR and equals rs at the IR boundary.
The complex coordinates on C1 and the two T2’s discussed in section 4 can be written
as z1 = ( r
rs
)3 eiψ = eρ+iψ, z2 = ϕ1 + iϕ2, and z
3 = ϕ3 + iϕ4. All the F1, F3, F˜5, and H3 fluxes
transform with charges (+, +, +) for (g1, g2, g3) under Z2 × Z2 × Z2 and the supergravity
relations obey the discrete orbifold symmetry.
The metric on R1,3 × C1
Z2
× T2
Z2
× T2
Z2
given by (9.1) is rewritten in terms of the radial
coordinate r as
ds210 = coshu dx
2
1,3 + r
2
s sech u
(
9
dr2
r2
+ dψ2 + dϕ21 + dϕ
2
2 + dϕ
2
3 + dϕ
2
4
)
, (9.4)
where
sech u =
√
1− (gsN
2pi
ρ)2 =
√
1− (3gsN
2pi
ln(
r
rs
))2 . (9.5)
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(b) Warp factor.
Figure 2: Radius and warp factor for gsN = 1. The range of r and the region where the
curvature is nearly constant can be made larger by taking smaller gsN .
The compactified 6D space is complex, non-Ka¨hler, and conformally Calabi-Yau.2 One way
to see that is to note that the torsion components have the relation 3W4 = 2W5 with the
other components vanishing.
The metric is smooth at the IR boundary ρ = 0 (or r = rs). The singularity at ρ = 0
in the background of the unwrapped D7-branes is removed by the fluxes that are induced
when the D7-branes are wrapped over the 4-cycle.
The worldvolume element of D7-branes at r is dVD7 = r
4
s d
4x dϕ1 dϕ2 dϕ3 dϕ4 which is
independent of r, and the wrapped D7-branes stay put at r = rs. Where on S
1 the D7-branes
are located is related to chiral symmetry breaking which will be discussed in section 13. The
radius of S1 × T2
Z2
× T2
Z2
at ρ is R5 = rs
√
sech u = rs(1− (gsN2pi ρ)2)
1
4 .
Figure 2a shows the radius of S1× T2
Z2
× T2
Z2
and Figure 2b shows the warp factor on the 4D
2We pointed out in [12] that flows on conformally Calabi-Yau backgrounds with nonzero components
of F3 and H3 fluxes in the 6 ⊕ 6¯ representation have constant axion-dilaton coupling. Here, the 3-form
fluxes are all nonprimitive, all nonzero flux and torsion components are in the 3⊕ 3¯ representation, and the
axion-dilaton coupling is not constant.
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r = rs
S1
R1
D7-branes
Unwrapped
r = 0
(a) Background geometry of 8D gauge theory.
r = rs
R1
T2
Z2
× T2
Z2
S1
Wrapped
D7-branes
r = rb
(b) Background geometry of 4D gauge theory.
Figure 3: Schematic representation of the background geometry.
spacetime, both plotted using (9.5) for the ’t Hooft coupling at the UV boundary gsN = 1.
The UV boundary is at r = e
2pi
3 rs ≈ 8 rs. The range of r and the region where the curvature
is nearly constant can be made larger by taking smaller gsN . For instance, the UV boundary
is located at r ≈ 66 rs for gsN = 0.5 and at r ≈ 1.2× 109 rs for gsN = 0.1.
10 Background geometry in diagrams
Diagrams that show a schematic representation of the background geometry are given in
Figure 3 with R1 parameterized by r. Figure 3a schematically shows the background geom-
etry of the 8D gauge theory with unwrapped D7-branes which fill flat 8D spacetime R1,7 at
the singularity point of the C
1
Z2
cone at r = 0. The F1 flux and the dilaton are turned on with
the F1 flux wrapping around S
1 and the string coupling eΦ diverging at r = rs. The metric
on R1 × S1 is warped by a factor of e2H = ρ, which vanishes with S1 having zero-size and
spacetime being 8D at r = rs or ρ = 0, and the physical region of the supergravity flow is
cutoff to r ≥ rs. The range of ψ on S1 in our normalization is [0, 2pi]; an independent region
of [0, pi] can be chosen with the boundary condition ψ ∼ ψ + pi imposed.
The D7-branes at the singularity are then wrapped over T
2
Z2
× T2
Z2
of radius r = rs while
filling flat 4D spacetime R1,3. Now all F1, F3, H3, and F5 fluxes are turned on and the
metric on S1 × T2
Z2
× T2
Z2
is warped by a factor of sech u =
√
1− (3gsN
2pi
log ( r
rs
))2, which
is finite at r = rs and S
1 is blown-up, and vanishes at r = rb = rs e
2pi
3gsN . Spacetime is
R1,3 × S1 × T2
Z2
× T2
Z2
and the background geometry has largest size at the IR boundary at
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r = rs. At the UV boundary at r = rb, S
1 × T2
Z2
× T2
Z2
is warped to zero-size and spacetime
is 4D. Figure 3b schematically shows the background geometry of the 4D gauge theory with
wrapped D7-branes.
Notice that what we have here is different from standard geometric transitions such as
in [4] and [5] where cycles wrapped by branes are blown-down, the branes disappear, and
other cycles are blown-up by fluxes. Here the 4-cycle on T
2
Z2
× T2
Z2
that is wrapped by the
D7-branes at the singularity point on the background of the unwrapped D7-branes has not
disappeared and S1 is blown-up by flux, and both the 4-cycle and S1 are warped to zero-size
at the UV boundary. The singularity at ρ = 0 before the D7-branes are wrapped and the
singularities at the fixed points of the T
2
Z2
× T2
Z2
orbifold are smoothed out by flux, since the
fluxes have nonzero components through them. There is one singularity located at the UV
boundary in the final geometry where S1 × T2
Z2
× T2
Z2
is warped to zero-size.
11 Four-dimensional gauge coupling
The action for the 4D gauge theory that lives on the D7-branes wrapped over the 4-cycle at
t = 0 is, using the metric given by (9.1),
S4 =
1
g28
V4
∫
d4x
√−g gµσgνδFµνFσδ, (11.1)
where gµν is the metric, Fµν is the Yang-Mills field strength, and x
µ are the coordinates on
R1,3, V4 is the volume of the 4-cycle, and g8 is given by (3.6). The gauge coupling of the 4D
gauge theory on the wrapped D7-branes is related to the gauge coupling of the 8D gauge
theory on the unwrapped D7-branes and the volume of the wrapped 4-cycle at t = 0 and,
using (3.6) and (9.4),
4pi
g24
=
4pi
g28
VT4 =
3N
2pi
log(
r
rs
)
r4s
α′2
. (11.2)
Now we identify
r2s = α
′ ; (11.3)
the only independent parameter of the string theory, α′, is identified with the only dimen-
sionful parameter in the gravity background we have constructed here, rs. With this, (11.2)
reduces to
4pi
g24
=
3N
2pi
log(
r
rs
) =
Nρ
2pi
. (11.4)
Notice that 4pi
g24
= eΦ, the string coupling in the background of the 8D gauge theory. The
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background before the branes are wrapped has induced a running dilaton in addition to the
F1 flux and the background with wrapped branes has constant dilaton with all fluxes of type
IIB theory induced. The gauge coupling of the 4D gauge theory on the wrapped D7-branes
inherits the running dilaton from the background before the branes are wrapped.
The 3-form fluxes summarized in section 9 do not form imaginary self-dual or imaginary
anti-self-dual combination. Now we notice that the 3-from fluxes in the background of the 4D
gauge theory with the running of the dilaton inherited from the background of unwrapped
branes actually form an imaginary anti-self-dual combination. Consider the combination
of 3-form fluxes G3 = F3 − igs tanhuH3. Taking the Hodge star, we have ?6G3 = −i G3.
Therefore, G3 is imaginary anti-self-dual, where G3 has the standard form of anti-self-dual
3-form flux F3− i e−ΦH3 with gs e−Φ = tanhu = gsNρ2pi in our notation, where Φ is the dilaton
in the background of the 8D gauge theory on the unwrapped D7-branes given by (3.5).
Next we need to find the relation between the scale of the gauge theory, Λ, and the radial
coordinate in the gravity theory, r. We do that, following [1], by considering the energy of
a string that is stretched between the D7-branes at the IR boundary at r = rs and probe
branes at some r between the IR and the UV boundaries. We are interested in the energy of
the string in static configuration at time X0 →∞ and we parameterize the string worldsheet
in terms of σ0 = x0 and σ1 = r. The worldvolume action of the string, using the metric
given by (9.4), with all spacetime intervals (including those involving 4D spacetime and r)
in this paragraph measured in units of rs =
√
α′ is
S2 =
1
2piα′
∫
dσ0dσ1
√
detGMN ∂aXM∂bXN =
X0
2pi
ln r3, (11.5)
where a and b are indices for the coordinates on the two-dimensional string worldsheet.
Thus the r dependence of the energy of the string is, putting rs back,
E ∼ ln
(
r
rs
)3
(11.6)
which is similar to the Λ dependence of the Veneziano-Yankielowicz superpotential if we map
the scale of the gauge theory and the radial coordinate in the gravity theory as
Λ
Λs
∼ r
rs
. (11.7)
Notice that Λs ∼ rs; the only dimensionful parameter in the gauge theory, the nonper-
turbative scale Λs, is mapped to the only dimensionful parameter in the gravity theory, the
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radius rs of S
1× T2
Z2
× T2
Z2
at the IR boundary. With (11.7), (11.4) becomes 4pi
g24
= 3N
2pi
log( Λ
Λs
),
which reproduces the renormalization group flow of the 4D gauge coupling given by (2.3).
We can also see the appearance of the dimensionful parameter in 4D (or the dimensional
transmutation of the gauge coupling) in the gravity theory by rescaling the metric given by
(9.4) such that sech u→ sech u
r2s
which gives
ds210 = r
2
s coshu dx
2
1,3 + sech u
(
9
dr2
r2
+ dψ2 + dϕ21 + dϕ
2
2 + dϕ
2
3 + dϕ
2
4
)
. (11.8)
Thus rs sets the mass scale for an observer in 4D and Λs ∼ rs.
12 Analysis of couplings and curvature
In this section we analyze the magnitudes of the string, the gauge, and the ’t Hooft cou-
plings and the curvature of the compact space and discuss the validity of the supergravity
description of the string theory.
The ’t Hooft coupling,
g24N
4pi
= eΦN , is the parameter which determines whether the
gauge theory is perturbative or nonperturbative. For eΦN < 1, perturbative gauge theory is
applicable. When eΦN >> 1, the gauge theory is highly nonperturbative, and our interest is
in a gravity description of the 4D gauge theory in this region. The magnitude of the string
coupling, eΦ, determines whether quantum loop corrections to the classical supergravity are
necessary or negligible. When the curvature of the background is large (> 1√
α′
), α′ corrections
to the supergravity description are relevant. When N >> 1, only ’t Hooft’s ribbon Feynman
graphs on a sphere (planar diagrams) are relevant. When both eΦN and N are large, we have
planar ribbon graphs which become dense at higher order in eΦN and which are expected
to correspond to string worldsheets in the string theory.
In our case, first the constant string coupling in the background of the 4D gauge theory,
which corresponds to the string coupling at ρ = 2pi
gsN
in the background of the 8D gauge
theory, can be taken to be small, gs << 1, such that string loop corrections are small. The
magnitude of the string coupling in the background of the 8D gauge theory which is also
inherited by the 4D gauge theory is eΦ = 2pi
Nρ
and gs ≤ eΦ ≤ 1 for 2piN ≤ ρ ≤ 2pigsN which
covers the whole range of ρ for N → ∞. Because the gauge coupling diverges at ρ = 0 the
supergravity flow requires a regularization with an IR cutoff at some ρ = ρ0 > 0, see [17] for
further discussion. At ρ ≥ ρ0 6= 0, eΦ has maximum value of 2piNρ0 , and we can make eΦ << 1
by making N appropriately large. Thus string loop corrections are small for the whole range
of ρ for large N . The ’t Hooft coupling is 2pi
ρ
≥ gsN for the range of ρ we have here and its
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value is smallest and equals gsN at the UV boundary. Notice that the ’t Hooft coupling is
always large (>> 1) in the region of interest in the IR.
Next let us analyze the magnitude of the curvature, which we can do by looking at the
components of the Ricci tensor given by (7.6). The Ricci scalar is R = 1
r2s
(gsN
2pi
)2 cosh3 u =
1
r2s
(gsN
2pi
)2 1
(1−( 3gsN
2pi
log ( r
rs
))2)
3
2
. The curvature depends on the location on the radial direction.
All components of the Ricci tensor are small, << 1
α′ , in the IR region for
gsN
2pi
<< 1. Recall
that gsN is the ’t Hooft coupling at the UV boundary which can be made very small. Thus
the curvature is small in the IR region where the gauge theory is strongly is coupled and
a dual gravity description is useful. The reason we have managed to get small curvature is
because the range of the radial direction is inversely related to the magnitude of the ’t Hooft
coupling at the UV boundary. The curvature becomes large near the UV boundary and
diverges at the boundary where the value of gsN can be chosen such that the appropriate
description is the gauge theory. The range of the radial direction is rs ≤ r ≤ rse
2pi
3gsN and
its size is ∆r = (e
2pi
3gsN − 1)rs > rs =
√
α′ for gsN ≤ 2pi3 ln 2 ≈ 3. For instance, for gsN ≈ 1,
∆r ≈ 7 rs. The magnitude of ∆r can be made large by taking gsN small and becomes
infinite for gsN = 0; it is smaller for larger gsN , since the strength of gauge coupling
running increases and the theory flows faster to a region where the gauge theory is weakly
coupled. A choice of gsN ≈ 1 or smaller provides a UV cutoff beyond which perturbative
gauge theory description is appropriate. In the IR region away from the UV boundary, where
the ’t Hooft coupling is large and the curvature is smallest, the classical gravity description is
appropriate. This is different from previous constructions of gauge/gravity duality, including
[1, 4, 5], where the curvature is smaller for larger ’t Hooft coupling and the space transverse
to the radial direction vanishes as gsN → 0. The curvature is constant in [1] and it is largest
in the IR and gets smaller in the UV in [4] and [5].
Now let us consider a quark and an antiquark located at the UV boundary or at some
other r in 4D with a string between them. As it can be seen from the metric, and it is
discussed further in [17], the string is stretched toward the IR boundary and the tension of
the string at the location of the wrapped D7-branes at r = rs is Ts ∼ 12pir2s =
1
2piα′ . This is the
string tension that is seen by a 4D observer. KK modes and glueballs on S1× T2
Z2
× T2
Z2
at the
IR boundary where r = rs come with mass of magnitude m
2
KK & 1r2s =
1
α′ . Thus the string
tension is of the same order and smaller than the square of KK or glueball masses. Because
the compactified space contains only product of S1’s, a truncation of the KK spectrum to
the zero-modes is consistent. For contrast, the string tension is much bigger than the KK
masses in previous gauge/gravity constructions, such as in [4] and [5], with larger separation
for larger ’t Hooft coupling. That is because the tension measured by a 4D observer increases
with increasing magnitude of warp factor while the KK masses decrease with increasing size
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of internal space.
The Ricci scalar is positive and the 10D spacetime is positively curved. The components
of the Ricci tensor in the 4D space are Rµν =
1
4 r2s
(gsN
2pi
)2 cosh 2u cosh2 u(1 − (1 + 2 sech 2u)
cosh 2u)ηµν , where ηµν is flat Minkowski metric. The magnitude of the components is nega-
tive for the whole range and Rµν = − 12 r2s
(
gsN
2pi
)2
ηµν at the IR boundary. Thus the warp factor
results in a negatively curved 4D spacetime. The components in the extra dimensional space
are positive with Rmn =
1
2 r2s
(
gsN
2pi
)2
Gmn at the IR boundary. The volume of the 10D space-
time follows from the metric given by (3.2), V10 = V4 r
6
s(2pi)
5
∫ 2pi
gsN
0
√
1− (gsN
2pi
ρ)2 dρ = V4 V6,
where V4 is the volume of the 4D spacetime and V6 =
16pi7
gsN
r6s =
16pi7
gsN
α′3 is the volume coming
from the extra dimensional compact space. Thus V6 >> α
′3 for gsN << 16pi7 and it is finite.
A small and finite Newton’s constant in 4D can be obtained from a large one in 10D with
appropriately small gsN which gives large V6.
The curvature of the background of the 8D gauge theory on the unwrapped D7-branes is
large in the IR region near r = rs. However, the only quantity in the background of the 4D
gauge theory that is inherited from the 8D gauge theory background is the gauge coupling
which agrees with the exact nonperturbative gauge coupling running of the gauge theory.
Therefore, we do not expect α′ corrections to modify it.
Spacetime is effectively 4D for an observer in R1,3 who measures interactions between
particles (say quarks) separated by a distance >> rs on R
1,3.
In conclusion, the background is such that the classical supergravity limit of the string
theory with appropriately large N and small gsN accommodates physically interesting and
radially varying ’t Hooft coupling that is large, the gauge theory is strongly coupled, and
the curvature is small in the IR region where a dual gravity description is useful.
13 Chiral symmetry breaking
The U(1) R-symmetry corresponds to rotations on S1 in the internal space normal to the
D7-branes, which shift ψ by a real number. With the axion potential given by (3.3), we
see that the coordinate ψ in the gravity theory is mapped to the Yang-Mills angle Θ in the
gauge theory as
Nψ = Θ. (13.1)
Notice that the 4D gauge coupling and the Yang-Mills angle combine into the coupling
coefficient
τ =
4pii
g24
+
Θ
2pi
=
N
2pi
(i ρ+ ψ) , (13.2)
24
which is anti-holomorphic function, with z¯1¯ = ρ− iψ in our notation. Worldsheet instantons
wrapping T
2
Z2
× T2
Z2
give phase Θ and the U(1) symmetry is anomalous. Because Nψ ∼ Nψ+pi
in the C
1
Z2
orbifold, there is a reduced anomaly-free discrete Z2N symmetry, ψ → ψ + 2pik2N ,
k = 1, 2, · · · , 2N , that survives. This is the same as the anomaly-free Z2N R-symmetry of
quantum gauge theory.
The Z2 symmetry in the
C1
Z2
orbifold involves ψ ∼ ψ+pi which reduces the Z2N symmetry
down to Z2 giving rise to N discrete vacua. The N discrete vacua are represented by
ψm =
2pim
N
, with m = 0, · · · , N − 1, or the corresponding discrete values for the axion
potential (C0)m = m. Thus the gravity theory reproduces the pattern of chiral symmetry
breaking of the gauge theory. We also conclude that one D7-brane is located between each
vacua on S1 at ρ = 0. For large N , the distance between the branes is small and a 4D
observer who measures low-energy interactions on R1,3 sees a stack of N D7-branes and
SU(N) gauge theory.
In the gauge theory, the different vacua arise due to gaugino condensation and it is
believed that domain walls that separate the vacua exist in the IR, but not in the UV. This
is consistent with the background we have here as separate vacua sit at distinct values of ψ
on S1 which has largest size at the IR boundary, and S1 gets smaller and becomes of zero-size
at the UV boundary.
14 Discussion
The gravity theory involves simple analytic expressions for all components of the metric and
the fluxes and reproduces key features of the gauge theory, its symmetries, renormalization
group flow, and chiral symmetry breaking. The gravity background has a number of inter-
esting features. The geometry is compact and the internal space normal to the D7-branes
is S1 at the IR boundary and spacetime is 4D at the UV boundary, consistent with the
symmetries of the gauge theory and the radius of S1 is set by the nonperturbative scale of
the gauge theory. The compactness also provides a setting with well-defined vacuum and
accommodates obtaining small nonzero gravitational constant in 4D from a large one in 10D.
The background geometry does not need to be glued to other backgrounds. The curvature
of the compact space is small and the supergravity flow is smooth in the IR region where
the gauge theory is strongly coupled and a dual gravity description is useful. The range of
the radial direction on R1 gets smaller for larger gsN , consistent with the strength of gauge
coupling running in the gauge theory. The scale of string tension for an observer in 4D is
of the same order and smaller than the scale of KK and glueball masses, which is useful
for studying mass spectra in the gauge theory using the gravity theory. The UV boundary
25
provides a convenient setting for putting quarks and antiquarks and a UV cutoff to the
gravity theory, with appropriate choice of gsN , beyond which the gauge gravity description
is appropriate. The classical supergravity description accommodates a range of physically
interesting ’t Hooft coupling.
Our objective in this paper was to produce the most basic features of the pure gauge
theory within a simple setting of the gravity theory. It will be interesting to study additional
features, implications, and tests of the gravity theory and the proposed correspondence.
The warp factor on the 4D spacetime in the metric given by (9.4) is nonzero everywhere
and increases with increasing r. One measure of confinement is the area enclosed by a Wilson
loop [16]. It follows from the metric that the area bounded by a Wilson loop in 4D spacetime
at some r > rs is minimized for a surface stretched and bent toward r = rs, the warp factor
is nonzero and finite there, and the background leads to confinement. The specifics of
confinement are presented in a separate paper [17], since the result is quite interesting on its
own and the crucial component of the supergravity background used is the metric.
Glueball mass spectra can be computed by studying metric and flux fluctuations on the
explicit background.
Because the gravity theory contains crucial features of the nonsupersymmetric strong
nuclear interactions, gauge coupling running, chiral symmetry breaking, and confinement, it
might provide a setting for exploring nonperturbative phenomena in QCD.
The metric might also be useful for exploring a supergravity implementation of [18] by
generating a hierarchy of scales between probe branes at (or near) the UV boundary as hidden
branes and the wrapped D7-branes at the IR boundary as visible branes in a compact extra
dimensional space stabilized by a balance between fluxes and torsion.
In addition, the structure of the metric is such that the warp factor can be made nearly
flat for a wide range of radial supergravity flow when gsN is small and may be useful for
modeling inflationary scenarios of the early universe.
We would also like to point out that the supersymmetry equations of motion together
with a physically motivated flux and/or metric provide a powerful approach to constructing
interesting supergravity backgrounds systematically.
The magnitude of the ’t Hooft coupling varies along the radial supergravity flow. It
is large near the IR boundary and becomes smaller as the theory flows toward the UV
boundary. The value of the ’t Hooft coupling at the UV boundary, gsN , can be chosen to be
small such that perturbative gauge theory is the appropriate description in the region close
to it. Because the supergravity flow between the IR and the UV boundaries is smooth, it
may be possible to find a common region where both the gauge theory description and the
gravity description, perhaps supplemented by α′ corrections, could be studied and compared
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for a direct test of the gauge/gravity duality.
Finally, for a gauge/gravity duality to be useful for studying glueball and hadron mass
spectra, it seems to us that the scale of string tension measured by a 4D observer needs to
be of the same order as the scale of KK masses. Previous gauge/gravity constructions have
large gap between the scales with the scale of string tension being much bigger than the scale
of KK masses. The scale of KK masses in the IR is of the same order and bigger than the
scale of string tension here, which is an appropriate feature for studying mass spectra in the
gauge theory using the gravity theory, and it was obtained on a compact background that
has small curvature in the IR. This was possible because the ’t Hooft coupling is large in the
IR independent of α′, the value of the radial coordinate and the size of the compact space
at the IR boundary are set by the nonperturbative scale of the gauge theory, and smaller
curvature in the IR is obtained with a larger range in the radial direction which corresponds
to smaller ’t Hooft coupling at the UV boundary. From the gauge theory point of view, this
is because it takes a flow along a wider range of scales to get form large ’t Hooft coupling
at the IR boundary to a small one at the UV boundary. It will be interesting to investigate
α′ corrections to the supergravity description and their interpretations. The results in this
paper and in [17] show that the classical supergravity description captures key features of
the nonperturbative IR dynamics of the gauge theory.
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